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MEASURABLE VERSIONS OF THE LS CATEGORY ON
LAMINATIONS
CARLOS MENIN˜O COTO´N
Abstract. We give two new versions of the LS category for the set-up of
measurable laminations defined by Bermu´dez. Both of these versions must
be considered as “tangential categories”. The first one, simply called (LS)
category, is the direct analogue for measurable laminations of the tangential
category of (topological) laminations introduced by Colman Vale and Mac´ıas
Virgo´s. For the measurable lamination that underlies any lamination, our
measurable tangential category is a lower bound of the tangential category.
The second version, called the Λ-category, depends on the choice of a trans-
verse invariant measure Λ. We show that both of these “tangential categories”
satisfy appropriate versions of some well known properties of the classical cat-
egory: the homotopy invariance, a dimensional upper bound, a cohomological
lower bound (cup length), and an upper bound given by the critical points of
a smooth function.
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1. Introduction
The LS category is a homotopy invariant defined as the minimum number of
open subsets contractible within a topological space needed to cover it. Many
variations of this invariant has been also defined. In particular, H. Colman Vale
and E. Mac´ıas Virgo´s introduced a tangential version for foliations, where they use
leafwise contractions to transversals [5, 6].
In this paper, we consider the set-up of measurable laminations defined by
Bermu´dez [2, 3]. They are “laminations of measurable spaces” in an obvious sense;
there is a leaf topology, but the ambient space topology is replaced by a weaker
ambient measurable structure. In measurable laminations, we use topological (or
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differentiable) terms to refer to the leaf topology, and measurable terms to refer
to the ambient measurable structure; for instance, a measurable open set is a set
that is leafwise open and measurable in the ambient space. Then we introduce two
versions of the tangential category for a measurable lamination F on a space X ,
which are new even F is the underlying measurable lamination of a (topological)
lamination. The first one, simply called its (LS) category, is a direct adaptation to
measurable laminations of the tangential (or even the usual) category. The second
one is called the Λ-category because it involves a transverse invariant measure Λ,
whose existence is a restriction.
Let F be a measurable lamination on a measurable space X . The category of
F is the minimum number of categorical measurable open sets needed to cover X ,
where “categorical” means that there exists a measurable continuous deformation
to some transversal. Obviously, if F is the measurable lamination that underlies any
lamination, our category is a lower bound of the tangential category, and sometimes
it is easier to study (measurability allows more freedom to make constructions than
continuity).
To define the Λ-category of F for a transverse invariant measure Λ, we can also
take coverings of X by categorical measurable open sets, but now Λ is used to
“count” them: we consider the sum of the measures of the transversals resulting
from their deformations. The infimum of all those possible measures is the Λ-
category of F .
For these two new “tangential categories”, we prove appropriate versions of some
classical results about LS category, like their homotopy invariance, a cohomological
lower bound given by the cup length, a dimensional upper bound (adapted to the
tangential category of foliations by W. Singhof and E. Vogt [22]), or a lower bound
given the number of critical points of a smooth function. More precisely, it is proved
that the category is less or equal than the number of critical sets of a differentiable
function, where the critical sets are defined by using the leafwise gradient flow of
the function. This improves even the classical result because a smooth function on
a manifold may have less critical sets than critical points. On the other hand, the
Λ-category is less or equal than the measure of the set of leafwise critical points;
i.e., the critical points of the restrictions of the function to the leaves. Following
the work of J. Schwartz [21], these relations with critical points are obtained in the
setting of measurable Hilbert laminations because of their possible applications to
tangential variational problems [1, 20].
2. MT-spaces and measurable laminations
A measurable topological space, or MT-space, is a set X equipped with a σ-
algebra and a topology. Usually, measure theoretic concepts will refer to the σ-
algebra of X , and topological concepts will refer to its topology; in general, the
σ-algebra is different from the Borel σ-algebra induced by the topology. An MT-
map between MT-spaces is a measurable continuous map. AnMT-isomorphism is a
map between MT-spaces that is a measurable isomorphism and a homeomorphism.
Trivial examples of MT-spaces are topological spaces with their Borel σ-algebras,
and measurable spaces with the discrete topology.
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Let X and Y be MT-spaces. Suppose that there exists a measurable embedding
i : X → Y that maps measurable sets to measurable sets. Then X is called an MT-
subspace of Y . Notice that, if X and Y are standard1, the measurability of i means
that it maps Borel sets to Borel sets [23]. The product X × Y is an MT-space too
with the product topology and the σ-algebra generated by products of measurable
sets of X and Y .
Let R be an equivalence relation on an MT-space X . The quotient set X/R
becomes an MT-space with the quotient topology and the σ-algebra generated by
the projections of measurable saturated sets of X ; it can be called the quotient
MT-space.
Let T be a standard Borel space and let P be a Polish space. Let P × T be
endowed with the structure of MT-space defined by the σ-algebra generated by
products of Borel subsets of T and Borel subsets of P , and the product of the
discrete topology on T and the topology of P .
A measurable chart on an MT-space X is an MT-isomorphism ϕ : U → B × T ,
where U is open and measurable in X and B is an open ball in Rn, the simpler
notation (U,ϕ) may be used for such a chart. The sets ϕ−1(B × {∗}) are called
plaques of ϕ, and the sets ϕ−1({∗} × T ) are called transversals associated to ϕ. A
measurable atlas on X is a countable family of foliated measurable charts whose
domains cover X . A measurable lamination of dimension n is an MT-space that
admits a countable measurable atlas consisting of charts ϕi : Ui → Bi × Ti (i ∈
N), where each Bi is an open ball in R
n. Since we have used a countable atlas,
the ambient space is also a standard space. The connected components of X are
called its leaves ; they are second countable connected manifolds, which may not be
Hausdorff. The saturation of a set B, denoted by sat(B), is the union of leaves that
meet B. The saturation of a measurable set is measurable since the measurable
atlas is countable.
The typical example of measurable lamination to keep in mind is given by any
lamination (or foliation), by considering the Borel σ-algebra of its ambient space and
its leaf topology; in this case, “leaves” and “saturations” have the usual meanings.
In the setting of measurable laminations, the concept of Cr tangential structure
cannot be defined as a maximal atlas with (tangentially) Cr changes of coordinates
because the atlases are required to be countable, but we can proceed as follows.
A measurable atlas is said to be (tangentially) Cr if its coordinate changes are
(tangentially) Cr. Then a Cr structure is an equivalence class of Cr measurable
atlases, where two Cr measurable atlases are equivalent if their union is a Cr
measurable atlas.
A measurable subset T ⊂ X is called a transversal if its intersection with each
leaf is countable [13]; these are slightly more general than the transversals of [2]
that consist of isolated points, this kind of transversals are said to be isolated . Let
T (X) be the family of transversals of X . This set is closed under countable unions
and intersections, but it is not a σ-algebra. A transversal meeting all leaves is called
complete.
A measurable holonomy transformation is a measurable isomorphism γ : T → T ′,
for T, T ′ ∈ T (X), which maps each point to a point in the same leaf. A transverse
1Recall that a Polish space is a completely metrizable and separable topological space, and a
standard Borel space is a measurable space isomorphic to a Borel subset of a Polish space.
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invariant measure on X is a σ-additive map, Λ : T (X)→ [0,∞], invariant by mea-
surable holonomy transformations. The classical definition of transverse invariant
measure of a lamination is a measure on topological transversals invariant by holo-
nomy transformations (see e.g. [4]); both notions of transverse invariant measures
agree in this case [7]. In this paper, we always consider σ-finite measures.
Remark 1. There exists an underlying or forgetful functor O from the category of
foliated spaces and foliated maps (those that map leaves to leaves) to the category
of measurable laminations and MT-maps.
The leaf space of a measurable lamination F is denoted by X/F. Also, for any
MT-subspace Y ⊂ X , Y/F will denote the quotient space of Y with the restricted
relation (“lying in the same leaf of F”).
Our principal tools in this setting are the following two results (see e.g. [23]).
Proposition 2.1 (Lusin). Let X and Y be standard Borel spaces and f : X → Y
a measurable map with countable fibers. Then f(X) is Borel in Y and there exists
a measurable section s : f(X)→ X of f . In particular, if f is injective, then s is a
Borel isomorphism. Moreover there exists a countable Borel partition, X =
⋃
iXi,
such that each f |Xi injective.
Theorem 2.2 (Kunugui, Novikov). Let {Vn}n∈N be a countable base for a Polish
space P . Let B ⊂ P × T be a Borel set such that B ∩ (P × {t}) is open for every
t ∈ T . Then there exists a sequence {Bn}n∈N of Borel sets of T such that
B =
⋃
n
(Vn ×Bn) .
Every measurable open MT-subspace U of a measurable lamination F is a mea-
surable lamination (by the previous theorem); the notation FU will be used in this
case. By restriction, any transverse invariant measure Λ of F induces a transverse
invariant measure of FU , which will be denoted by ΛU .
Lemma 2.3 ([17]). Let ϕi : Ui → Bi × Ti and ϕj : Uj → Bj × Tj be measur-
able charts of X. There exists a sequence of Borel sets of Ti, {Sn}n∈N, and a
base of Bi, {Vn}n∈N, such that ϕi(Ui ∩ Uj) =
⋃
n(Vn × Sn) and ϕj ◦ ϕ
−1
i (x, t) =
(gijn(x, t), fijn(t)) for (x, t) ∈ Vn×Sn, where each fijn is a Borel isomorphism and
each gijn is an MT-map.
Remark 2. The previous lemma is also true replacing the open balls Bi of an
euclidean space by any connected and locally connected Polish space.
Definition 2.4. A foliated measurable atlas U is called regular if:
(i) for all (U,ϕ) ∈ U , there exists another measurable foliated chart (W,ψ)
such that the closure of each plaque in U is compact, U ⊂W and ϕ = ψ|U ;
and,
(ii) for all (U1, ϕ1), (U2, ϕ2) ∈ U , each plaque of (U1, ϕ1) meets at most one
plaque of (U2, ϕ2).
Observe that, if U is a regular measurable atlas, then U is measurable for all
(U,ϕ) ∈ U .
This definition of regular measurable atlas is weaker than the usual one for
laminations (see e.g. [4]): the locally finite condition does not make sense for
measurable laminations since there is no ambient topology. The following result
follows from Lemma 2.3.
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Corollary 2.5. If a measurable lamination has a foliated measurable atlas such
that each chart meets a finite number of charts, then it admits a regular measurable
foliated atlas.
From now on, we consider only measurable laminations that admit regular mea-
surable foliated atlases.
Example 2.6 (Measurable suspensions [2]). Let P be a connected, locally path con-
nected and semi-locally 1-connected Polish space, and let S be a standard space. Let
Meas(S) denote the group of measurable transformations of S. Let h : π1(P, x0)→
Meas(S) be a homomorphism. Let P˜ the universal covering of P and consider the
action of π1(P, x0) on the MT-space P˜ × S given by g · (x, y) = (xg−1, h(g)(y)).
The corresponding quotient MT-space, P˜ ×h S, is called the measurable suspension
of h. If P is a manifold, then P˜ ×h S is a measurable lamination, {∗} × S is a
complete transversal, and its leaves are covering spaces of P .
3. Category of measurable laminations
A measurable lamination (X,F) induces a foliated measurable structure FU
in each measurable open set U (by Theorem 2.2). The space U × R admits an
obvious foliated structure FU×R whose leaves are products of leaves of FU and
R. Let (Y,G) be another measurable lamination. An MT-map H : FU×R → G is
called a (measurable) homotopy, and it is said that the maps H(·, 0) and H(·, 1) are
(measurably) homotopic. We use the term (measurable) deformation when G = F
and H(−, 0) is the inclusion map of U . A deformation such that H(−, 1) is constant
on the leaves of FU is called a (measurable) contraction or an F -contraction; in
this case, U is called a categorical or F -categorical measurable open set.
The (LS ) category is the lowest number of categorical measurable open sets that
cover the measurable lamination. On one leaf foliations, this definition agree with
the classical category. The category of F is denoted by Cat(F). It is clear that it
is a homotopy invariant.
All of these definitions have obvious versions for laminations by using ambient
space continuity instead of measurability, obtaining the so called tangential cate-
gory [5, 6].
Definition 3.1. Let U ⊂ (X,F) be a measurable open subset. Define the relative
category of U , Cat(U,F), as the minimum number of categorical measurable open
sets in (X,F) that form a cover of U .
Remark 3. Clearly, Cat(U,F) ≤ Cat(FU ).
Proposition 3.2 (Subadditivity of the relative category). Let {Ui}i∈N be a count-
able family of measurable open subsets of X. Then
Cat
(⋃
i
Ui,F
)
≤
∑
i
Cat(Ui,F) .
4. Λ-category
Lemma 4.1 (Kallman [15]). Let P × T be a product of a Polish space P with a
standard space T , and let π : P × T → T denote the second factor projection. Let
B ⊂ P × T be a measurable subset such that B ∩ (P × {t}) is σ-compact for all
t ∈ T . Then π(B) is measurable.
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Proposition 4.2. For any measurable open set U and any tangential deformation
H, the set H(U × {1}) is measurable.
Proof. By the Kunugui-Novikov’s theorem (Theorem 2.2), there exist countable
families, {Pn×Tn} and {P ′n×T
′
n} (n ∈ N), and MT-embeddings fn : Pn×Tn → F
and gn : P
′
n × T
′
n → F such that U =
⋃
n fn(Pn × Tn) and H(·, 1) ◦ fn(Pn × Tn) ⊂
gn(P
′
n × T
′
n). Hence we only have to prove that each g
−1
n ◦ H(·, 1) ◦ fn(Pn × Tn)
is measurable. Consider a topology on Tn so that it is isomorphic to [0, 1], N or a
finite set [16], and let Pn × Tn be endowed with the product topology τ , becoming
a Polish space. Let π : (Pn × Tn, τ) × P ′n × T
′
n → P
′
n × T
′
n be the second factor
projection. For each point (x, t) ∈ P ′n × T
′
n, the set f
−1
n ◦H(·, 1)
−1 ◦ gn(x′, t′) is σ-
compact in (Pn × Tn, τ). By the continuity of H(·, 1) ◦ fn (with the leaf topology),
this preimage is closed on each plaque Pn × {t} (t ∈ Tn). On the other hand,
this preimage only cuts a countable number of leaves (otherwise H would not be a
tangential deformation), and therefore it only cuts a countable number of plaques.
Hence this preimage is also σ-compact with the topology τ . Let
Bn = { ((x, t), (x
′, t′)) | g−1n ◦H(·, 1) ◦ fn(x, t) = (x
′, t′) } ,
which is measurable in (Pn × Tn, τ) × P ′n × T
′
n. Then, by Lemma 4.1, π(Bn) is
measurable. But π(Bn) = g
−1
n ◦H(·, 1) ◦ fn(Pn × Tn). 
Proposition 4.3 ([17]). Let (X,F) be a measurable lamination with a transverse
invariant measure Λ. There exists a unique Borel measure Λ˜ on X such that Λ˜(T ) =
Λ(T ) for all generalized transversal T , and satisfying the following properties:
(i) If B is a measurable set so that B 6⊂ π−1(S) for any transversal S with
Λ(S) = 0, and ∂(B ∩L) 6= ∅ for each leaf L that meets B, then Λ˜(B) =∞.
(ii) If Λ(S) = 0 for some S ∈ B, then Λ˜(sat(S)) = 0.
(iii) If B is a measurable set so that Λ(S) = ∞ for all transversal S with B ⊂
sat(S), then Λ˜(B) =∞.
The unique extended measure Λ˜, given by Proposition 4.3, is called the coherent
extension of Λ.
Remark 4. Observe that, in measurable charts of the form P × T , the coherent
extension can be given on measurable sets with σ-compact intersection with the
plaques as the pairing of the counting measure with the transverse invariant measure
Λ [17]:
Λ˜(B) =
∫
T
#(B ∩ (P × {t})) dΛ(t) .
Let Λ be a transverse invariant measure for F , and Λ˜ its coherent extension.
According to Proposition 4.2, we can define
τΛ(U) = inf{ Λ˜(H(U × {1}) | H is a tangential deformation of U } .
Then the Λ-category of (F ,Λ) is defined as
Cat(F ,Λ) = infU
∑
U∈U
τΛ(U) ,
where U runs in the countable coverings of X by measurable open sets. The count-
ability condition of the coverings is needed, otherwise the Λ-category would be
directly zero when Λ has no atoms. If the homotopies used in this definition are
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required to be Cr on leaves, then the term Cr Λ-category is used, with the notation
Catr(F ,Λ).
The category and the Λ-category are connected by the following result.
Proposition 4.4. Let (X,F ,Λ) be a measurable lamination with a transverse in-
variant measure, and let U be a measurable open set in X. If τΛ(U) < ∞, then
there exists a categorical measurable open set U ′ ⊂ U such that Λ˜(U \ U ′) = 0.
Proof. There exists a tangential deformation of U such that Λ˜(H(U × {1})) <∞.
This means, by the conditions of the coherent extension, that H(U ×{1}) = B∪T ,
where B is a Borel set with Λ˜(B) = 0 and T is a transversal of F . The set
U ′ = H(·, 1)−1(T ) satisfies the required conditions. 
Definition 4.5. Let (X,F ,Λ) be a foliated measurable space with a transverse
invariant measure. A null-transverse set is a measurable set B such that Λ˜(B) = 0.
The following propositions are elementary.
Proposition 4.6. Let (X,F ,Λ) be a measurable lamination with a transverse in-
variant measure, and let B be a null-transverse set. Then Cat(F ,Λ) can be com-
puted by using only coverings of X \ sat(B). If B is saturated, then Cat(F ,Λ) =
Cat(FX\B,ΛX\B).
Proposition 4.7. Let T be a measurable transversal which meets each leaf at most
in one point. Then Λ(T ) ≤ Cat(F ,Λ).
Proposition 4.8. Let (X,F ,Λ) be a measurable lamination with a transverse in-
variant measure. If (X,F) is a measurable suspension M˜ ×h S, then Cat(F ,Λ) ≤
Cat(M) · Λ(S).
Proposition 4.9. For a manifold M and a standard Borel space T , let M × T be
foliated as a product. Then Cat(M × T,Λ) = Cat(M) · Λ(T ) for every measure Λ
on T , considered as an invariant measure of M × T .
Proposition 4.10. Let {Un} (n ∈ N) be a covering by saturated measurable open
sets of (X,F ,Λ). Then Cat(F ,Λ) ≤
∑
nCat(FUn ,ΛUn). Here, the equality holds
if {Un} is a partition.
Definition 4.11. Let U ⊂ (X,F) be a measurable open subset. The relative
Λ-category of U is defined by
Cat(U,F ,Λ) = inf
U
∑
V ∈U
τΛ(V ) ,
where U runs in the family of countable measurable open coverings of U .
Remark 5. Let us emphasize that, in the above definition, τΛ(V ) is defined by
using measurable tangential homotopies deforming V in the ambient space. Clearly,
Cat(U,F ,Λ) ≤ Cat(FU ,Λ).
Proposition 4.12 (Subadditivity of the relative Λ-category). Let {Ui}i∈N be a
countable family of measurable open subsets of X. Then
Cat
(⋃
i
Ui,F ,Λ
)
≤
∑
i
Cat(Ui,F ,Λ) .
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5. Homotopy invariance of the Λ-category
Let F and G be measurable laminations. An MT-homotopy equivalence h from F
to G induces a canonical bijection between the sets of transverse invariant measures
on G and F , which is defined as follows. Let T be a complete transversal of F .
Obviously h|T has countable fibers. By Proposition 2.1, h(T ) is a transversal of G.
In fact, there exists a countable measurable partition, T =
⋃
i Ti, so that each h|Ti
is injective. Define h∗Λ(T ) =
∑
i Λ(h(Ti)). From now on, we any MT-homotopy
equivalence between measurable laminations with transverse invariant measures is
assumed to be compatible with the measures in the above sense.
Lemma 5.1. Let (X,F ,Λ) and (Y,G,∆) be foliated measurable spaces with trans-
verse invariant measures, and let h : (X,Λ) → (Y,∆) be a measurable homotopy
equivalence. Then, for all measurable set K ⊂ X with σ-compact intersections with
the leaves, h(K) is measurable and ∆˜(h(K)) ≤ Λ˜(K).
Proof. The fact that h(K) is measurable is a consequence of Proposition 4.2. No-
tice that finite intersections of σ-compact sets are σ-compact. Let U = {(Un, ϕn)}
and V = {(Vn, ψn)} (n ∈ N) be foliated measurable atlases for F and G, respec-
tively. Observe that there exists a foliated measurable atlas W = {(Wn, φn)} on X
satisfying the following conditions:
(a) For each n ∈ N, there exists some k(n) ∈ N such that h(Wn) ⊂ Vk(n).
(b) The map h induces an injective map from the family of plaques of Wn to
the family of plaques of Vk(n); i.e., each plaque of Vk(n) contains at most
the image by h of one plaque of Wn.
This atlas can be easily obtained by using Theorem 2.2 and Proposition 2.1.
The maps ψk(m) ◦ h ◦ φ
−1
m : Pm × Tm → P
′
k(m) × T
′
k(m) are injective in the
set of plaques in the sense of (b). Clearly, Λ(D) = ∆(h(D)) for all Borel sets
D ⊂ Tm. For every t ∈ Tm, let P t be the plaque of P ′k(m) × T
′
k(m) that contains
ψk(m) ◦ h ◦ φ
−1
m (Pm × {t}). We have
#(h(K) ∩ P t) ≤ #(K ∩ (P × {t}))
for every t ∈ Tm. Hence
∆˜(ψk(m) ◦ h ◦ φ
−1
m (K))
=
∫
T ′
k(m)
#(ψk(m) ◦ h ◦ φ
−1
m (K) ∩ (P
′ × {t′})) d∆(t′)
=
∫
ψk(m)◦h◦φ
−1
m (Tm)
#(ψk(m) ◦ h ◦ φ
−1
m (K) ∩ (P × {t
′})) d∆(t′)
=
∫
Tm
#(ψk(m) ◦ h ◦ φ
−1
m (K) ∩ P
t) dΛ(t)
≤
∫
Tm
#(K ∩ (P × {t})) dΛ(t)
= Λ˜(K) .
Then the lemma holds on each chart of W . Consider the family {Bk} inductively
defined by
B1 = (K ∩W1), Bk = (K ∩Wk) \ (B1 ∪ · · · ∪Bk−1) (k > 1) .
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It is a Borel partition of K whose elements are contained in the sets Wk and have
σ-compact intersection with each leaf. Then
∆˜(h(K)) = ∆˜
(⋃
i
h(Bi)
)
≤
∑
i
∆˜(h(Bi)) ≤
∑
i
Λ˜(Bi) = Λ˜(K) . 
Proposition 5.2 (The Λ-category is an MT-homotopy invariant). Let (X,F ,Λ)
and (Y,G,∆) be measurable homotopy equivalent measurable laminations with trans-
verse invariant measures. Then Cat(F ,Λ) = Cat(G,∆).
Proof. Let h : X → Y be a measurable homotopy equivalence, and let g be a
homotopy inverse of h. Let {Un} (n ∈ N) be a covering of Y by measurable open
sets. Then {h−1(Un)} is a covering of X by measurable open sets. We will prove
that τΛ(h
−1(Un)) ≤ τ∆(Un) for all n ∈ N. Let Hn be a measurable tangential
deformation on each Un, and let F be an MT-homotopy connecting the identity
map and g ◦ h. Let
G = g ◦H ◦ (f × id) : h−1(U)× R→ X .
Then K : h−1(U)× R→ X , defined by
K(x, t) =
{
F (x, 2t) if t ≤ 1/2
G(x, 2t− 1) if t ≥ 1/2 ,
is a tangential deformation. Lemma 5.1 yields
Λ˜(K(h−1(U)× {1})) = Λ˜(g(H(U × {1}))) ≤ ∆˜(H(U × {1})) .
Hence τΛ(h
−1(Un)) ≤ τ∆(Un) for all n ∈ N. Therefore Cat(F ,Λ) ≤ Cat(G,∆).
The inverse inequality is analogous. 
The above proposition has an obvious Cr version.
6. Case of laminations with compact leaves
In this section, we compute the Λ-category of (the measurable laminations un-
derlying) a lamination F with compact leaves on a Polish space X . With these
conditions, there exists a countable filtration
· · · ⊂ Eα ⊂ · · · ⊂ E2 ⊂ E1 ⊂ E0 = X ,
such that each Eα is a closed saturated set, and Eα \ Eα+1 is dense in Eα and
consists of leaves with trivial holonomy on the foliated space Eα. This family is
called the Epstein filtration of X [10, 11, ?].
Obviously, each Eα \ Eα+1 is a saturated measurable open set (in the MT-
structure) without holonomy. Hence, by Proposition 4.10,
(6.1) Cat(O(F),Λ) =
∑
α
Cat(O(FEα−1\Eα),ΛEα−1\Eα) ,
where O denotes the underlying functor defined in the Remark 1.
Theorem 6.1 (See e.g. [24]). Let R be an equivalence relation on a Polish space
X such that every equivalence class is a closed set in X. If the saturations of open
sets of X are Borel, then there exists a Borel set meeting every equivalence class
in one point. If the saturations of open sets are open, then there exists a Polish
subspace meeting every equivalence class in one point.
10 CARLOS MENIN˜O COTO´N
Corollary 6.2. Let (X,F) be a lamination with all leaves compact and let T be
a complete transversal of F . Then there exists a Polish subspace contained in T
meeting every leaf in one point.
Let Γ be the holonomy pseudogroup of F on T . Let Q ⊂ T be a Polish subspace
satisfying the statement of Theorem 6.1 for the equivalence relation defined by the
orbits of Γ on T . There exists a bijective map π : Q → T/Γ ≡ X/F induced by
the projection to the leaf space. This map is measurable with respect to the Borel
σ-algebra of X/F . By using the Epstein filtration of (X,F), it is easy to see that
π is a Borel isomorphism, even when X/F is not Hausdorff. If Λ is a transverse
invariant measure, then it induces a measure on Q since it is a Borel transversal.
Hence Λ induces a measure ΛF on X/F via the Borel isomorphism π. The measure
ΛF is independent of the choice of the Polish (Borel) sets R and T , since all of them
are equivalent by a measurable holonomy map. By using the Epstein filtration, it
easily follows that the category map, Cat : X/F → N∪ {∞}, assigning to each leaf
its category, is measurable.
By (6.1), we can assume that the leaves have trivial holonomy groups to compute
Cat(O(F),Λ). Moreover X has a countable number of connected components, and
the leaves on each connected component are homeomorphic since the holonomy
groups are trivial. So, in general, O(F) is MT-isomorphic to the disjoint union
of product spaces Ln × Rn, where Ln are the generic leaves in each connected
component and Rn are Borel sets meeting leaves in one point in these components.
By Propositions 4.9 and 4.10, we obtain the following corollary.
Corollary 6.3. Let (X,F ,Λ) be a foliated space with compact leaves endowed with
a transverse invariant measure. Then
Cat(O(F),Λ) =
∫
X/F
Cat(L) dΛF(L) .
Remark 6. By Proposition 4.6, this Corollary 6.3 applies to the case of a measurable
lamination with a transverse invariant measure supported on a countable number
of compact leaves.
By using the same decomposition, it is easy to check that the measurable tangen-
tial category is exactly the maximum of the LS-category of the leaves, Cat(O(F)) =
max{Cat(L) | L ∈ F}.
7. Dimensional upper bound
It is known that Cat(M) ≤ dimM +1 for any manifold M [14]. This result was
adapted to the tangential category of a C2 foliation F on closed manifold by E. Vogt
and W. Singhoff [22], obtaining Cat(F) ≤ dimF + 1. We show an adaptation to
our measurable setting.
Suppose that there exists a complete Riemannian metric g on the leaves of a
C1 measurable lamination which varies in a measurable way on the ambient space.
Clearly, the exponential map is measurable by the assumptions on g.
Lemma 7.1. The function i : X → R+ ∪ {∞}, defined as the injectivity radius of
the exponential map at each point, is measurable.
Proof. Let U = {Ul}l∈N be a regular measurable atlas, where Ul ∼= Bl×Tl. Clearly,
i is measurable on the leaves since the injectivity radius is a lower semico
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map. Consider the Borel σ-algebra associated to the compact-open topology in
C(Bl,R
m2). Then the Riemannian metric g on the chart Ul can be considered as
a measurable map g : T → C(Bl,R
m2), where g(t)(x) is the matrix of coefficients
of g at (x, t) with respect to the canonical frame of TRm. In fact, we can work
with the closure Bl × T . Let {{U(p
n
i )}i∈N}n∈N be a sequence of open coverings
of C(Bl,R
m2), where pni ∈ C(Bl,R
n2), and U(pni ) consists of the functions f ∈
C(Bl,R
m2) such that ‖f − pni ‖ < 2
−n, using the norm of the maximum absolute
value of the coefficients in Rm
2
. Therefore T ni = {g
−1(U(pni ))}i∈N is a covering of
T by measurable sets. By definition, for t, t′ ∈ T ni , ‖g(x, t)− g(x, t
′)‖ < 2−n for all
x ∈ Bl.
Let Ul1 , . . . , UlN be a finite sequence of measurable charts (it is possible that
Uli = Ulj for some i 6= j) and let U =
⋃N
j=1 Ulj . Then U can be decomposed into
a countable family of product foliations Fn such that Fn ∩ Ulj is saturated in Ulj
for each j. Of course, we can do the previous argument on each product foliation
of the given decomposition.
Since the family of finite collections of measurable charts is countable, we have
proved that the lamination F is a countable union of products {Kni ×T
n
i }i∈N, where
each Kni is compact, ‖g(x, t) − g(x, t
′)‖ < 2−n for all x ∈ Kni and t, t
′ ∈ T ni , and,
for each x ∈ F , there exists an expansive sequence Kninx ⊂ K
n+1
in+1x
⊂ · · · meeting x
such that
⋃
n∈NK
n
inx
= Lx, where Lx is the leaf through x. This final property is
a consequence of the fact that these Kni are finite unions of closures of plaques in
chains of charts associated to each finite sequence of charts in U .
Finally, the injectivity radius map is measurable by the lower semicontinuity
relative to the variation of the metric. For n big enough, the Riemannian metric
on the plaques of the products Kni × T
n
i is so close to each other as we want. Let
x ∈ X be a point where the injectivity radius is greater than r ∈ R. By the lower
semicontinuity, choose n such that x ≃ (x0, t0) ∈ int(Kni )× T
n
i and the injectivity
radius of each point (y, t), (y, t) ∈ Bx × T
n
i , is also greater than r; where Bx ⊂ K
n
i
is an open neighborhood of x0. Being the sequences of products {Kni × T
n
i }n,i∈N
a countable collection and leaves second countable, we deduce that i−1(r,∞] is
measurable for all r ∈ R. 
Definition 7.2 (Measurable triangulation [2]). Let △n denote the canonical n-
simplex. A measurable triangulation is a family of triangulations on the leaves,
{T L}L∈F , which is measurable in the following sense:
• the sets of barycenters of n-simplices, Bn, are transversals of F ; and
• the maps σn : △n × Bn → X are measurable, where σn(p, ·) : △n → Lp is
the simplex of T Lp with barycenter p.
A measurable triangulation is of class Cm if the functions σnp are C
m.
We work in this section with C1 measurable triangulations.
Let T be a measurable triangulation. Let T n denote the family of n-faces of T
(the n-simplices of T without their boundaries).
Proposition 7.3. Let T be an isolated transversal. There exists a measurable
open neighborhood U(T ) of T such that the closures of its connected components
are disjoint and contain only one point of T . In fact, U(T ) can be contracted to T
in a measurable way.
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Proof. Since T is isolated and Borel, the function h : T → R ∪ {∞}, defined by
h(p) = inf{ dg(p, p
′) | p′ ∈ (T ∩ Lp) \ {p} } ,
where Lp denotes the leaf meeting p and dg is the distance map on the leaves
induced by the metric g, is measurable (by the measurability of dg) and positive.
The set h−1(∞) is measurable. Redefine h in this set to be identically equal to 1,
and hence 0 < h <∞. Now, let
U(T ) =
⋃
p∈T
Bg(p,min{h(p), i(p)}/2) ,
where Bg(p, ε) is the dg-ball in Lp with center on p and radius ε. This set is
measurable since h and i are measurable. Obviously, the connected components are
the balls Bg(p,min{h(p), i(p)}/2) and satisfy the required conditions. A measurable
contraction to T is given by the radial contraction on the tangent space via the
exponential map. 
Definition 7.4. LetH : U×R→ X and G : V ×R→ X be tangential deformations
such that H(U ×{1}) ⊂ V . Let H ∗G : U ×R→ X be the tangential deformation
defined by
H ∗G(x, t) =
{
H(x, 2t) if t ≤ 12
G(H(x, 1), 2t− 1) if 12 ≤ t.
Lemma 7.5. Let T be a standard Borel space, let Rm × T be endowed with the
usual MT-structure and let π : Rm × T → T be the canonical projection. Let S be
a transversal that meets each plaque of Rn × T at most in one point. Then there
exists a measurable homotopy H : S × R → Rm × T such that H(s, 0) = s and
H(s, 1) = (0, π(s)).
Proof. Consider the measurable homotopy
G : (Rm × T )× R→ Rm × T , ((v, t), s) 7→ ((1 − s)v, t) .
Then H = G|S×R satisfies the conditions of the statement. 
Corollary 7.6. Let T and T ′ be transversals in a measurable chart U which are
bijective via the canonical projection map. Then there exists a measurable homotopy
H : T × R→ U such that H(t, 0) = t and H(t, 1) ∈ T ′ ∩ Pt for all t ∈ T , where Pt
is the plaque containing t.
Definition 7.7. A chain of charts of a measurable foliated atlas U = {(Ui, ϕi)}i∈N
is a finite sequence, C = (Ui0 , . . . , Uin), such that Uij ∩ Uij+1 6= ∅ for all j. The
chain of charts C covers a path c : I = [0, 1] → X if there exists a partition
0 = t0 < t1 < · · · < tn = 1 of I such that c([tj−1, tj ]) ⊂ Uij for all j. The length of
a chain of charts C = {Ui0 , . . . , Uin} is n. In a similar way we can define a chain of
plaques and a the length of a chain of plaques.
Let c : I → X be a foliated path (i.e., a path contained in one leaf). Any chain
of charts C = (Ui0 , . . . , Uin) covering c induces a measurable holonomy map hC
between transversals containing c(0) and c(1) like in the topological case.
Lemma 7.8. Let (X,F) be a measurable lamination that admits a regular foliated
measurable atlas. Let c : I → X be a foliated path. Let C = (Ui0 , . . . , Uin) be a
chain of charts covering c, and hC the measurable holonomy map induced by C. Let
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T be the domain of hC. Then there exists a measurable homotopy H : T × R→ X
such that H(t, 0) = t and H(t, 1) = hC(t).
Proof. There exist n − 1 transversals, S1, . . . , Sn−1, such that Sk ⊂ Uik ∩ Uik+1 ,
which meet only plaques that cut these intersections, and only at one point (by
Theorem 2.2). By Corollary 7.6, we obtain the required homotopy. 
Lemma 7.9. Suppose that F admits a regular foliated measurable atlas. Let h :
T → T ′ be a measurable holonomy map. Then there exists a measurable homotopy
H : T × R→ X such that H(t, 0) = t and H(t, 1) = h(t).
Proof. By Proposition 2.1, we can suppose that T and T ′ are contained in transver-
sals associated to charts in the regular foliated measurable atlas. Observe that
there exists a countable number of chains of charts covering foliated paths connect-
ing points of T and T ′; the induced measurable holonomy maps are denoted by
{h1, h2, . . . }. The sets
Bn = { t ∈ T | hn(t) = h(t) }
are measurable. By induction, define
C1 = B1 , Cn = Bn \ (C1,∪ · · · ∪Cn−1) (n > 1) .
These transversals form a partition of T and, by Lemma 7.8, there exist homotopies
Hi : Ci × R → X such that Hi(t, 0) = t and Hi(t, 1) = hi(t) = h(t). The Borel
sets Hi(Ci × {1}) form a partition of T ′ since h is a bijection. Combining these
homotopies, we obtain the desired homotopy. 
Proposition 7.10. Let U be a categorical open set, and let T be a complete
transversal. There exists a measurable contraction H of U so that H(U×{1}) ⊂ T .
Proof. Let F be a contractible homotopy for U . Therefore TF = F (U × {1}) is
a measurable transversal. Since T is a complete transversal, by Proposition 2.1,
there exists a countable partition of TF into measurable transversals {T iF} (i ∈ N),
and there are injective measurable holonomy maps hi : T
i
F → T . By the above
arguments, these holonomy maps induce a measurable homotopy G : TF × R→ F
such that G(x, 0) = x and G(TF × {1}) ⊂ T . Then H = F ∗ G is the required
contraction. 
By Proposition 7.3, T 0 is contained in a categorical open set. Now, we prove an
analogous property for each T n for 0 < n ≤ dimF .
Proposition 7.11. There exists a measurable triangulation T ′ and categorical open
sets Un such that T ′n ⊂ Un for 0 < n ≤ dimF .
Proof. Let e(x) be the n-face (n-simplex without boundary) containing x. Using
barycentrical division, we can suppose that all n-faces, 0 < n ≤ dimF , are con-
tained in an exponential ball centered at the corresponding barycenter (a geodesic
ball with radius smaller than the injectivity radius); this triangulation will be called
T ′. In fact, we can suppose that the diameter of e(p) is smaller than i(p)/2 for
any barycenter p. Now, we construct a measurable open set Un that contains T
′n
and such that each of its connected components contains only one n-face and is
contained in the respective geodesic ball. This measurable open set contracts to
the set of barycenters of T ′n by the exponential map, which completes the proof.
Let B′n denote the set of barycenters of T ′n. Let ρ : e(p)→ R+ be a continuous
function and let N(e(p), ρ) denote the neighborhood of e(p) consisting of the union
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of the balls of radius ρ(x) in the geodesic orthogonal sections of e(p) through x.
We define hn : T ′n → R by h(x) = dg(x, T
′n \ e(x)), which is measurable since g
and T ′ are measurable. Now, let ρnp : e(p)→ R
+ be given by
ρnp (x) =
1
2
min{h(x), i(p)} .
Clearly, Un =
⋃
p∈Bn N(e(p), ρ
n
p ) is a measurable open set that covers T
′n. Each
open set N(e(p), ρnp ) is contained in the maximal exponential ball centered at p by
definition of ρnp and the conditions satisfied by T
′. These open sets are disjoint
from each other. In fact, if x ∈ N(e(p), ρnp ) ∩N(e(p
′), ρnp′), then
dg(x, e(p)) = dg(x, ξ) ≤
1
2
dg(x, T
′n \ e(p)) ≤
1
2
dg(x, e(p
′)) =
1
2
dg(x, ξ
′)
for certain ξ ∈ e(p) and ξ′ ∈ e(p′). By the symmetric argument, dg(x, ξ′) ≤
1
2 dg(x, ξ), which is contradiction. Therefore the exponential map defines a measur-
able contraction of the measurable open set Un to B′n. 
Theorem 7.12 (Dimensional upper bound). Let T be a complete transversal for
the C1 measurable lamination (X,F ,Λ) with a C1 measurable triangulation. Then
Cat(F ,Λ) ≤ (dimF + 1) · Λ(T ).
Proof. Measurable laminations of class C1 admit a C1 measurable triangulation
and a leafwise Riemannian metric [3]. By the Proposition 7.11, there exists a cate-
gorical measurable open set Un containing each set T n associated to a measurable
triangulation for 0 ≤ n ≤ dimF . Hence the sets Un cover X . By Proposition 7.10,
τΛ(U
n) ≤ Λ(T ) for 0 ≤ n ≤ dimF . 
This theorem has important consequences.
Corollary 7.13. Let (X,F) a minimal C1 lamination. Let Λ be a regular trans-
verse invariant measure of F without atoms. Then Cat(O(F),Λ) = 0.
Recall that a transverse invariant measure of a foliated measurable space is called
ergodic if it is finite in a complete transversal and any saturated measurable set has
null or full measure.
Corollary 7.14. Let (X,F ,Λ) be a C1 measurable lamination with an ergodic
transverse invariant measure without atoms. Then Cat(F ,Λ) = 0.
Proof. Of course, in a ergodic lamination without atoms there exists complete
transversals with arbitrarily small measure. 
8. Cohomological lower bound
In this section, we give a version of the useful cohomological lower bound of
the classical LS category, stating that Nil(H∗(M,Γ)) ≤ Cat(M) for any mani-
fold M , where Nil(H∗(M,Γ)) denotes the nilpotence order of the cohomology ring
H∗(M,Γ) with coefficients in any ring Γ [9]. For this purpose, we give an idea of
the cohomology of MT-spaces [2, 13, 18].
We suppose that Γ is a standard ring; i.e., Γ is a standard space and a ring where
all the operations are measurable.
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Definition 8.1 (Measurable prism [2, 3]). A meaurable prism is a product of a
standard Borel space T and a linear region of RN (for instance a polygon) with
the standard MT-structure. A measurable simplex is a measurable prism where the
topological fiber is a canonical n-simplex △n. A measurable singular simplex on X
is an MT-map σ : △n × T → X .
Let ω be a usual singular n-cochain over a coefficient ring Γ. It is said that ω
is measurable if ωσ : T → Γ, t 7→ ω(σ|△×{t}), is measurable for all measurable
singular n-simplex σ. The set of measurable cochains form a subcomplex of the
complex of usual cochains since the coboundary operator δ preserves measurabil-
ity. This is called the measurable subcomplex and denoted by C∗MT (X,Γ), and the
corresponding restriction of δ is denoted by δ˜. The measurable singular cohomology
is defined as usual by HnMT(X,Γ) = Ker δ˜n/ Im δ˜n−1.
The usual cup product induces a product on measurable cochains, which of course
preserves measurability since the operations in Γ are measurable. The usual formula
δ˜(ω ⌣ θ) = δ˜ω ⌣ θ + (−1)nω ⌣ δ˜θ holds. Therefore it induces a cup product in
measurable cohomology, obtaining the graded ring (
⊕
n≥1H
n
MT(X,Γ),+,⌣).
Let f : X → Y be an MT-map. Clearly, f induces a cochain map f∗ :
C∗MT(Y,Γ)→ C
∗
MT(X,Γ) defined by f
∗(ω)(σ) = ω(f ◦ σ). This cochain map com-
mutes with δ˜, and therefore it induces a homomorphism between the corresponding
measurable cohomology groups.
Let U ⊂ X be an MT-subspace of X . The inclusion map determines a chain map
i∗ : C∗MT(X,Γ)→ C
∗
MT(U,Γ). The cochain complex determined by Ker(i
∗) will be
denoted by C∗MT (X,U,Γ). The cochains in this cochain complex are usual cochains
vanishing on the singular simples contained in U . The cohomology groups associ-
ated to this chain complex will be called the measurable relative cohomology groups
of (X,U). By using the Ker-CoKer Lemma, there exists a long exact sequence of
cohomology groups like in the classical case (the details are easy to check),
· · · → HnMT(X,U,Γ)→ H
n
MT(X,Γ)→ H
n
MT(U,Γ)→ H
n+1
MT (X,U,Γ)→ · · ·
Proposition 8.2 (Invariance by measurable tangential homotopy). Let f, g : X →
Y be MT-homotopic maps. Then f∗ and g∗ induce the same homomorphism in
measurable singular cohomology.
Proof. The proof is a trivial consequence of the classical proof for singular cohomol-
ogy. The measurable homotopy induces a chain homotopy between f∗ and g∗ at the
level of the chain complex. The definition is given by cutting the space △n × [0, 1]
into a finite number of n+1-prisms Πi : △n+1 →△n× [0, 1]. Let H be the measur-
able homotopy between f and g. The prism operator P : Cn+1(X,Γ)→ Cn(X,Γ),
defined by P (ω)(σ) =
∑
i Ii ω(H ◦ σ|Πi) [12], where Ii is the orientation factor, is
a cochain homotopy between f∗ and g∗ preserving measurability. Hence f∗ and g∗
induce the same homomorphism in measurable cohomology. 
Let C∗MT(U + V ) be the cochain complex given by the measurable cochains
which vanish on measurable singular simplices that do not lie in either U or V .
Now, H∗MT(FU∪V ) is isomorphic to H
∗
MT(U + V ) via the restriction map [18] like
in the usual singular cohomology. In fact, by using the 5-Lemma, H∗MT(F ,FU ) is
isomorphic to H∗MT(F , U + V ).
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An easy computation shows that HnMT(X,Γ) = 0 for n ≥ 1 when X is an MT-
space with the discrete topology. That is the case of any measurable transversal of
a measurable lamination.
Corollary 8.3. The cup product induces a cup product in measurable relative co-
homology:
⌣ : HnMT(F ,FU ,Γ)×H
m
MT(F ,FV ,Γ)→ H
n+m
MT (F ,FU∪V ,Γ) .
Corollary 8.4. Nil(
⊕
n≥1H
n
MT(F ,Γ),+,⌣) ≤ CatF .
Proof. Let {U1, . . . , UN} be a covering by tangentially contractible measurable open
sets. The map H∗MT(F ,FUi ,Γ)→ H
∗
MT(F ,Γ) of the cohomological exact sequence
is onto since each Ui is categorical. Let x1, . . . , xN be cohomology clases inH
∗
MT(F),
and take a preimage ωi of each xi in H
∗
MT(F ,FUi ,Γ). Therefore ω1 ⌣ · · ·⌣ ωN ∈
H∗MT(F ,F ,Γ) = 0, and this product projects to x1 ⌣ · · ·⌣ xN in H
∗
MT(F ,Γ). 
Of course, singular measurable cohomology is a complicated object. Fortunately,
we can work with simplicial measurable cohomology [2, 13, 18].
Let T be a measurable triangulation. An n-cochain over a measurable ring Γ is
a measurable map ω : Bn → Γ, where the barycenters in Bn are identified to the
corresponding n-simplices. Let Cn(T ,Γ) denote the set of simplicial n-cochains,
which is endowed with a ring structure induced by Γ. Define the coboundary
operator δ : Cn(T ,Γ)→ Cn+1(T ,Γ) as usual: for ω : Bn+1 → Γ, let δω : Bn+1 → Γ
be given by δω(b) =
∑
△np⊂∂△
n+1
b
(−1)n ω(p), where △kx denotes the k-simplex with
barycenter x and the simplices of the boundary are chosen in the usual order [12].
Clearly, δ2 = 0, and we can define the cohomology groups as usual: Hn(T ,Γ) =
Kerdn/ Imdn−1.
Proposition 8.5 ([18]). Let (X,F) be a measurable lamination that admits a mea-
surable triangulation. Then the measurable singular cohomology groups are isomor-
phic to the measurable simplicial ones.
Corollary 8.6. The measurable simplical cohomology does not depend on the mea-
surable triangulation.
Remark 7. Of course, we can define the concept of measurable CW-structure in a
similar way to a measurable triangulation. This notion gives a measurable CW-
complex and a measurable cellular cohomology. It can be proved that it is isomor-
phic to the measurable singular cohomology with arguments similar to the above
ones.
Example 8.7. Let (T 2,Fα) be the Ko¨necker flow, considered as a suspension of
the rotation Rα : S
1 → S1 of 2πα radians. The case where α is rational is trivial
(it is a foliation with compact leaves). Then suppose that α is irrational. The
projection of [0, 1]×S1 to T 2, given by the suspension of Rα, induces a measurable
triangulation of Fα, where the 0-skeleton is the projection of {0} × S1 and the
1-skeleton is the projection of [0, 1]× S1; the set of barycenters is the projection of
{1/2}×S1. Of course, measurable cochains of degrees 0 and 1 are measurable maps
f : S1 → Z2. In [18], it is proved that the 1-cochain ω = 1 : S1 → Z2 represents a
non-zero element in H1MT(Fα,Z2), showing that H
1(Fα,Z2) 6= 0. By Corollary 8.4
and the dimensional bound, it follows that Cat(Fα) = 2.
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In higher dimension, let Fα1,...,αn be the foliation on T
n+1 given by the suspen-
sion of the rotationsRα1 , . . . , Rαn of S
1, where α1, . . . , αn areQ-linear independent.
Each leaf of Fα1,...,αn is a hyperplane dense in T
n+1. Let [0, 1]n ⊂ Rn be the unit
cube and let T ≡ S1. The product [0, 1]n × T gives a measurable CW-structure
on F given by the projection p : [0, 1]n × T → F defined by the suspension. Let
ω = 1 : T → Z2, which is a CW-cochain of dimension n. Let τi the CW-cochain of
dimension 1 satisfying τi(p|[0,1]j×T ) = δij , where
[0, 1]j = { (x1, . . . , xn) ∈ [0, 1]
n | xi = 0 for i 6= j } .
Clearly ω = τ1 ⌣ · · · ⌣ τn. Moreover ω represents a non-zero element in
HnMT(Fα1,...,αn ,Z2) [18], obtaining H
n
MT(Fα1,...,αn ,Z2) 6= 0. Then Corollary 8.4
and the dimensional upper bound yields Cat(Fα1,...,αn) = n+ 1.
Remark 8. We do not discuss here about the possibility of a similar lower bound
for the Λ-category. In many general situations, this invariant is zero and a lower
bound is not so interesting. In the cases where there exists a complete transversal
T meeting each leaf at exactly one point, the number
∫
T
NilH∗(Lt,Γ) dΛ(t) is well
defined and gives a lower bound for the Λ-category.
9. Critical points
As suggested by the classical theory, because of the possible applications, it
is interesting to consider Hilbert laminations to study the relation between our
measurable versions of the tangential category and the critical points of a smooth
function.
Recall the following terminology. A Hilbert manifold is a separable, Hausdorff
space endowed with an atlas where the charts are homeomorphisms to open subsets
of separable Hilbert spaces. A C2 function on a complete C2 Hilbert manifold,
f : M → R, is called Palais-Smale whenever, for any sequence (pn) in M , if
(f(pn)) is bounded and (df(pn)) converges to zero, then (pn) contains a convergent
subsequence. IfM is compact (in the finite dimensional case), then all differentiable
maps are Palais-Smale. Let Crit(f) be the set of critical points of f . In this section,
we adapt a theorem due to J. Schwartz [21], which states that, for a bounded
from below Palais-Smale function on a C2 Hilbert manifold, f : M → R, we have
Cat(M) ≤ #Crit(f).
For the rest of the section, we consider C2 measurable Hilbert laminations. Their
definition is analogous to the definition of measurable lamination: the leafwise
topological model is now given by open balls in a separable Hilbert space instead
of Rn, and the tangential part of the changes of coordinates are C2 maps between
open subsets of Hilbert spaces. Each leaf is a Hilbert manifold, which is endowed
with a Riemannian metric that varies in a measurable way in the ambient space.
Observe that the main difference with the finite dimensional case is that the leaves
may not be locally compact. We also suppose that the leafwise Riemannian metric
is complete.
To define the Λ-category of a measurable Hilbert lamination with a transverse
invariant measure Λ, we consider only contractible measurable open sets. The
reason is that Proposition 4.4 seems to be difficult to generalize to this infinite
dimensional setting, as well as other details about measurability. However, Propo-
sition 4.3 holds for measurable Hilbert laminations too, and therefore we can use
the coherent extension Λ˜ of Λ.
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Notice that the differential map of a function varies in a measurable way in the
ambient space, since its definition is a limit of measurable maps. The set of C2
MT-functions F → R will be noted by C2(F). For f ∈ C2(F), let CritF (f) =⋃
L∈F Crit(f |L).
The cotangent bundle TF∗ is a measurable vector bundle, whose zero section
θ : X → TF∗ is measurable with measurable image. For any f ∈ C2(F), its
differential map df : X → TF∗ is measurable, and we have CritF (f) = df−1(θ(X)).
Thus CritF(f) is measurable.
Recall that a C1 isotopy on a C1-Hilbert manifold M is a differentiable map
φ :M ×R→M such that φt = φ(·, t) :M →M is a diffeomorphism ∀t ∈ [0, 1] and
φ0 = idM .
Definition 9.1 (Measurable tangential isotopy). Let (X,F) be a C1 measurable
Hilbert lamination. A measurable tangential isotopy on (X,F) is a C1 map φ :
X ×R→ X such that the functions φt : X → X are MT-diffeomorphisms ∀t, with
φ0 = idX , and the map φ : F ×R→ F , with φ(x, t) = φt(x), is C1, where F ×R is
the C1 measurable lamination in X × R with leaves of the form L × R for L ∈ F .
In particular, the maps φx : R→ X , with φx(t) = φt(x), are differentiable ∀x ∈ X .
Remark 9. Let φ be a measurable tangential isotopy on X and let U ⊂ X be
a measurable open set. Then Cat(U,F ,Λ) = Cat(φt(U),F ,Λ) and Cat(U,F) =
Cat(φt(U),F) for all t ∈ R.
Example 9.2 (Construction of a measurable tangential isotopy [19]). A tangential
isotopy can be constructed on a Hilbert manifold by using a C1 tangent vector
field V . There exists a flow φt(p) such that φ0(p) = p, φt+s(p) = φt(φs(p)) and
dφt(p)/dt = V (φt(p)). From the way of obtaining φ [19, 8], it follows that the
same kind of construction for a measurable C1 tangent vector field on a measurable
Hilbert lamination (X,F) induces a measurable isotopy on (X,F).
Now, we obtain a measurable isotopy from the gradient flow. It will be modified
by a control function α in order to have some control in the deformations induced
by the corresponding isotopy. Let ∇f be the gradient tangent vector field of f ;
i.e., the unique tangent vector field satisfying df(v) = 〈v,∇f〉 for all v ∈ TF . Take
the C1 vector field V = −α(|∇f |)∇f , where α : [0,∞)→ R+ is C∞, α(t) ≡ 1 for
0 ≤ t ≤ 1, t2α(t) is monotone non-decreasing and t2α(t) = 2 for t ≥ 2. The flow
φt(p) of V is defined for −∞ < t < ∞ [21], and it is called the modified gradient
flow .
Let us define a partial order relation “≪” for the critical points of f . First, we
say that x < y if there exists a regular point p such that x ∈ α(p) and y ∈ ω(p),
where α(p) and ω(p) are the α- and ω-limits of p. Then x ≪ y if there exists a
finite sequence of critical points, x1, . . . , xn, such that x < x1 < · · · < xn < y.
Let γ(x) denote the φ-orbit of each point x.
Lemma 9.3. Let T ⊂ X be an isolated transversal. Then there exists a measurable
open set U containing T such that Cat(U,F ,Λ) ≤ Λ(T ). We can suppose also that
U is tengentially categorical contracting to T .
Proof. A tubular neighborhood of T contracts to T (see Lemma 7.8 and observe
that its proof generalizes to measurable Hilbert laminations). Hence its relative
category is less or equal than Λ(T ). 
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In the following proposition, {W1,W2, . . . } denotes a foliated measurable atlas.
Let Crit∞F (f) be the union of plaques that contain infinite critical points of f ;
observe that this is a measurable open set.
Proposition 9.4. If Λ˜(Crit∞F (f)) > 0, then Λ˜(CritF (f)) =∞.
Proof. For each chart Wi, let πi : Wi → Ti be the transverse projection. Since
Λ˜(Crit∞F (f)) > 0, we have Λ(πi(Crit
∞
F (f) ∩Wi) > 0 for some i ∈ N. Therefore
Λ˜(Crit∞F (f)) ≥
∫
pii(Crit∞F (f)∩Wi)
#(CritF (f) ∩ π
−1
i (t)) dΛ(t)
=∞ · Λ(πi(Crit
∞
F (f) ∩Wi)) =∞ . 
Remark 10. The set Crit∞F (f) contains all non-isolated critical points of CritF(f).
If Λ˜(Crit(f)) <∞, then the saturation of Crit∞F (f) is a null-transverse set. Hence
we can restrict our study to the case where all critical points are isolated.
The definition of a Palais-Smale condition is needed for a version of the Lusternik-
Schnirelmann Theorem on Hilbert manifolds. For measurable Hilbert laminations,
it could be adapted by taking functions that satisfy the Palais-Smale condition on
all (or almost all) leaves. But this is very restrictive because it would mean that
the set of relative minima meets each leaf in a relatively compact set (which is non-
empty when f is bounded from below), and therefore there would exist a complete
transversal meeting each leaf at one point. Thus, instead, we use the following
weaker condition.
Definition 9.5. A measurable ω-Palais-Smale (or ω-PS ) function is a function
f ∈ C2(F) such that any φ-orbit have non empty ω-limit and , for any p ∈ CritF(f),
the set { x ∈ CritF (f) | p ≪ x } is compact, and this set is empty if and only if p
is a relative minimum. A measurable α-Palais-Smale (or α-PS ) function is defined
analogously by considering the set { x ∈ CritF (f) | x≪ p }.
Of course, f is ω-PS if and only if −f is α-PS.
Lemma 9.6. Suppose that CritF(f) is an isolated transversal. The modified gra-
dient flow φ (see Example 9.2) satisfies the following properties:
(i) The flow runs towards lower level sets of f , i.e., f(p) ≥ f(φt(p)) for t > 0.
(ii) The invariant points of the flow are just the critical points of f .
(iii) A point is critical if and only if f(φt(p)) = f(p) for some t 6= 0.
(iv) The points in the α- and ω-limits are critical points if they are non empty.
Proof. These properties can be proved in each leaf, considered as a C2 Hilbert
manifold, where (i), (ii) and (iii) follow from the work of J. Schwartz [21].
Under these conditions, the α- and ω-limits are connected sets that consist of
critical points if they are non-empty (by using (i), (ii) and (iii)). If ω(p) is infinite,
then all of its points are non-isolated, contradicting the assumption. 
Definition 9.7 (Critical sets). For a measurable ω-PS function, the set of minima
is non-empty in any leaf. Let p be a critical point. By the properties of the flow
φ, either p is a relative minimum, or there exists another critical point x such that
p < x. Define M0,M1, . . . inductively by
M0 = { x ∈ CritF (f) |6 ∃ y such that x≪ y } ,
Mi = { x ∈ CritF (f) | ∀y x≪ y ⇒ y ∈M0 ∪ · · · ∪Mi−1 } .
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Clearly, M0 contains all relative minima on the leaves. We also set C0(f) = M0
and Ci(f) = Mi \ (M0 ∪ · · · ∪Mi−1). Observe that, if x ∈ ω(p) and x ∈ Ci(f) for
some i, then ω(p) ⊂ Ci(f). There is an analogous property for the α-limit. The
notation Ci will be used if there is no confusion. Let p≪ p∗. Then ip∗ < ip, where
ip and ip∗ are the indexes such that p ∈ Cip and p
∗ ∈ Cip∗ .
The set of relative minima of a bounded from below measurable ω-PS function
is always non-empty in any leaf.
Theorem 9.8. Let (X,F) be a measurable Hilbert lamination endowed with a
measurable Riemannian metric on the leaves, and let f be a measurable ω-PS func-
tion on X. Suppose that CritF (f) is an isolated transversal. Then Cat(F) ≤
#{critical sets of f} .
Theorem 9.9. Let (X,F ,Λ) be a measurable Hilbert lamination endowed with
a measurable Riemannian metric on the leaves and with a transverse invariant
measure, and let f be a measurable ω-PS function on X. Then Cat(F ,Λ) ≤
Λ˜(CritF (f)).
Remark 11. Notice also that Theorem 9.8 gives a slight sharpening of the classical
theorem of Lusternik-Schnirelmann, since the number of critical sets may be finite
even when the number of all critical points are infinite. We see this in the following
example. Let f : R → R, f(x) = sin(x), which is not an Palais-Smale function
in the classical sense, but it satisfies our measurable Palais-Smale condition in the
one leaf lamination R. An easy computation shows that there are two critical sets,
the set of relative minima and the set of relative maxima, yielding the inequality
Cat(R) ≤ 2. On more complicated examples, this improved version could be used
to find better upper bounds of the classical LS category.
Remark 12. From the existence of a measurable Riemannian metric, two disjoint
isolated transversals, can be separated by measurable open sets. In fact, we can
suppose that the closures of the connected components of these measurable open
sets contain only one point of these transversals (see Proposition 7.3).
Lemma 9.10. Let (X,F) be a measurable Hilbert lamination and let fn : (X,F)→
(X,F) be a sequence of MT-maps. Suppose that (fn(x)) converges for all x ∈ X.
Then limn fn is measurable.
Proof. Measurable open sets generate the σ-algebra of (X,F), in fact, by Theo-
rem ?? the measurable foliated charts are a generating set also. Then it is enough
to prove that (limn fn)
−1(V ) is measurable for any foliated chart V . For each
V ≡ B × T there exists a sequence of measurable closed sets {Fn}n∈N such that
V =
⋃
n Fn. For instance, if B is an open ball we can take Fn ≡ Bn×T , where Bn
are open balls of smaller radius than B but converging to it. Now, it is clear that
(lim
n
fn)
−1(V ) = { x ∈ X | ∃N such that fn(x) ∈ FN ∀n ≥ N }
=
∞⋃
N=1
⋂
n≥N
f−1n (FN ) ,
which is, clearly, a measurable set. 
Remark 13. It is known, in basic measure theory, that the limit of real measurable
functions is also measurable. Lemma 9.10 is not a direct consequence from this fact
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because the measurable structure is not the Borel σ-algebra corresponding to the
topology.
Corollary 9.11. The family {Ci} is a measurable partition of CritF(f).
Proof. Clearly, this family is a partition by the properties of φ. To show that
each Ci is measurable, observe that CritF (f) is a transversal, and X \ CritF(f) is
measurable with open intersection with each leaf. The α- and ω-limit functions,
α, ω : X → CritF(f), are measurable by Lemma 9.10 since α = limn φ−n and
ω = limn φn. Observe that α(X \ CritF (f)) = CritF (f) \ C0. Therefore C0 is
measurable. By Remark 12, there exists a measurable open set U0 containing C0
and separating it from CritF (f) \ C0; in fact, each connected component contains
only one point of C0. Take the measurable open set O0 =
⋃
n∈N φ−n(U0). It is easy
to see that
α(X \ (O0 ∪ CritF(f))) = CritF (f) \ (C0 ∪ C1) .
Therefore C1 is a measurable set. By a recursive argument, we obtain that all sets
Ci are measurable. 
Lemma 9.12. Let (X,F) be a measurable Hilbert lamination and let (Y,G) be a
finite dimensional lamination such that Y ⊂ X is a measurable open set and the
inclusion map is an MT-embedding considering in Y . Then there exists a countable
family of measurable foliated charts of (X,F), {Un ≡ Bn×Tn}n∈N, covering Y and
such that each fiber Bn × {t} is a foliated chart (in a topological sense) of G in a
leaf of FY .
Proof. Let U be a measurable foliated chart of F . Since Y is open in X , U ∩ Y is
also measurable and open. Hence a measurable foliated atlas induces a covering of
Y by measurable open sets and a measurable foliated atlas of (Y,FY ). Since G is
a sublamination of FY , by Theorem 2.2, we can choose a measurable foliated atlas
such that the plaques are products of the form Bk ×B′ where Bk are open balls in
R
k where dimG = k and B′ is a ball in the orthogonal complement of G in a leaf of
F centered in the origin. Of course the projection π : (Bk×B)×T → (Bk×{0})×T
defines an MT-map that works like a tubular neighborhood of a plaque of a family
of leaves of G. Of course Bk×(B′×T ) is a measurable chart for G, hence the family
of tubular neighborhoods is a measurable atlas of G and FY simultaneously. 
Proof of Theorem 9.8. By Remark 12 and Lemma 9.3, there exists a disjoint family
of measurable open sets, {Ui} (i ∈ N∪{0}), such that each Ui contains and contracts
to Ci, and Cat(Ui,F ,Λ) ≤ Λ(Ci). We also assume that Ui ⊂ U˜i, where U˜i is another
categorical measurable open set that contracts to Ci.
Let U ′0 =
⋃
n∈N φ−n(U0). This set is open since C0(f) consists of relative minima,
and contracts to C0(f) by using the MT isotopy φ. The set X1 = X \ U ′0 is a
measurable closed set, and C1(f) is the set of relative minima of the restriction
f |X1 . The set X1 consists of the critical points that do not belong to C0(f) and
the regular points connecting these critical points according to the relation “≪”.
Let F1 = U1 ∩X1 and F
′
1 =
⋃
n∈N φ−n(F1). The set F
′
1 is open in X1 and closed in
X . Let us prove that F ′1 is contained in a measurable open set U
′
1 such that there
exists a measurable deformation H with H(U ′1 × {1}) ⊂ U˜1.
Of course, (X \ CritF(f), φ) is a measurable lamination of dimension 1, where
the leaves are the flow lines of φ. These flow lines are embedded submanifolds
and they admit a countable covering by measurable foliated charts in the sense
22 CARLOS MENIN˜O COTO´N
of Lemma 9.12. Therefore there exists a measurable atlas of (X \ CritF (f), φ),
{(Wn, ϕn)}n∈N, with ϕn : Wn → B1 × Bn × Tn, where B1 is an open interval
in R, Bn is an open ball centered at the origin in a separable Hilbert space, and
Tn is a standard space. We can suppose also that this measurable atlas is locally
finite and let πn :Wn → ϕ
−1
n (B
1 × {0} × Tn) be given by the canonical projection
B1 ×Bn × Tn → B1 × {0} × Tn.
By similar arguments, we can suppose that F ′1 ⊂
⋃
nWn ⊂
⋃
i∈N φ−i(U1),
ϕn(B
1 × {0} × Tn) ⊂ F ′1 and
⋃
nWn is a semisaturated set; i.e., if x ∈
⋃
nWn
then φt(x) ∈
⋃
nWn for all t ∈ [0,∞). Let {λn} be a measurable partition of unity
subordinated to {Wn} [3] such that each λn is continuous on ϕ−1n (B
1 ×Bn × {z})
for all z ∈ Tn. For each x ∈
⋃
nWn, let I(x) ⊂ N be the set of numbers n such
that the semiorbit φ[0,∞)(x) meets Wn. The isotopy φt|F ′1 contracts F
′
1 to C1. We
extend the deformation φt|F ′1\C1(f) to the neighborhood
⋃
nWn. This extension
can be defined as follows: for x ∈
⋃
nWn, t ∈ R and n ∈ I(x), there is a unique
positive real number r(x, t, n) such that φr(x,t,n)(x) = γ(x) ∩ π
−1
n (φt(πn(x))). Let
H : V1 × R→ X be the continuous map defined by H(x, t) = φs(x,t)(x), where
s(x, t) =
∑
k∈I(x)
λk(x) r(x, t, k) .
For x ∈
⋃
nWn and t ∈ R, there exists k1, k0 ∈ I(x) such that r(x, t, k1) ≤ s(x, t) ≤
r(x, t, k0). It is clear that there exists limt→∞ φr(x,t,n)(x) ∈ U1 ⊂ U˜1. Let p ∈ C1
and let x ∈ F ′1\C1 with ω(x) = p. Since
⋃
nWn is semisaturated and it is contained
in
⋃
i∈N φ−i(U1), for all r(x, t, k1) < t
′ < r(x, t, k0), φt′(x) ∈ U˜1 for t large enough.
Therefore limt→∞H(x, t) ∈ U˜1 for all x ∈
⋃
n Vn. Then the measurable open subset
V ′1 =
⋃
n Vn is F -categorical (by a standard change of parameter). Finally, if U˜1
is small enough, U ′1 = V
′
1 ∪ U˜1 is F -categorical by a telescopic argument [12] and
F ′1 ⊂ U
′
1.
This process can be continued inductively by taking Xn = X \ (U ′0 ∪
⋃n−1
i=1 F
′
i )
and using the same trick to define U ′n, observing that Cn(f) is the set of relative
minima of f |Xn . 
Proof of Theorem 9.9. By Remark 10, we can restrict the study to the case where
CritF (f) is an isolated transversal. The previous proof also shows that Cat(F ,Λ)
is a lower bound for the sum of the measures of the critical sets. Since the critical
sets form a partition of CritF (f), the proof is complete. 
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